
ÓÄÊ 517.98

Êàíîíè÷åñêèå ïðåäñòàâëåíèÿ íà ïðÿìîé, ÷èñëà
Ýéëåðà è ìíîãî÷ëåíû Ìåéêñíåðà�Ïîëëà÷åêà 1

c© Ë. È. Ãðîøåâà

Êëþ÷åâûå ñëîâà: êàíîíè÷åñêèå ïðåäñòàâëåíèÿ, ïðåîáðàçîâàíèå Ôóðüå, ôîðìóëà Ïëàíøåðåëÿ,

îðòîãîíàëüíûå ìíîãî÷ëåíû

Êàíîíè÷åñêèå ïðåäñòàâëåíèÿ íà ïðÿìîé äåéñòâóþò â ãèëüáåðòîâîì ïðîñòðàíñòâå, ñíàáæåííîì

íåêîòîðûì íåëîêàëüíûì ñêàëÿðíûì ïðîèçâåäåíèåì. Ýòî ïðîñòðàíñòâî ñîäåðæèò äåëüòà-

ôóíêöèè è èõ ïðîèçâîäíûå. Ìû ïðîèçâîäèì îðòîãîíàëèçàöèþ îáîáùåííûõ ôóíêöèé,

ñîñðåäîòî÷åííûõ â íà÷àëå êîîðäèíàò. Ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò ýòó îðòîãîíàëüíóþ

ñèñòåìó â íåêîòîðóþ ñèñòåìó îðòîãîíàëüíûõ ìíîãî÷ëåíîâ

Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì ãèëüáåðòîâî ïðîñòðàíñòâîHλ ôóíêöèé
íà ïðÿìîé R ñî ñêàëÿðíûì ïðîèçâåäåíèåì, ÿäðîì êîòîðîãî ñëóæèò ôóíêöèÿ
(ch (x − y))λ (ýòî � íåëîêàëüíîå ñêàëÿðíîå ïðîèçâåäåíèå). Â íåì äåéñòâóåò
ñäâèãàìè óíèòàðíîå ïðåäñòàâëåíèå Uλ ãðóïïû R ïî ñëîæåíèþ, ýòî ïðåäñòàâëåíèå
ìû íàçûâàåì êàíîíè÷åñêèì ïðåäñòàâëåíèåì ãðóïïû R íà ïðÿìîé. Â êà÷åñòâå
íàäãðóïïû ìîæíî âçÿòü ãðóïïó äâèæåíèé ïëîñêîñòè Ëîáà÷åâñêîãî�Ãàëèëåÿ,
èëè, ÷òî âñå ðàâíî, ãðóïïó ãèïåðáîëè÷åñêèõ äâèæåíèé åâêëèäîâîé ïëîñêîñòè,
ñì. [Äó].

ÏðîñòðàíñòâîHλ ñîäåðæèò äåëüòà-ôóíêöèè è èõ ïðîèçâîäíûå ëþáîãî ïîðÿäêà.
Ñåìåéñòâî äåëüòà-ôóíêöèé δ(k)(x), k = 0, 1, 2, . . ., ñîñðåäîòî÷åííûõ â x = 0, íå
ÿâëÿåòñÿ îðòîãîíàëüíûì. Ìû îðòîãîíàëèçóåì åãî, íàõîäèì ÿâíûå ôîðìóëû äëÿ
îáîáùåííûõ ôóíêöèé Fn(x), n = 0, 1, 2, . . ., ïîëó÷åííûõ â ðåçóëüòàòå îðòîãîíàëèçàöèè,
è íàõîäèì äëÿ íèõ ðåêóððåíòíîå ñîîòíîøåíèå.

Ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò îðòîãîíàëüíóþ ñèñòåìó Fn(x) â ñèñòåìó
ìíîãî÷ëåíîâ fn(x), îðòîãîíàëüíûõ îòíîñèòåëüíî íåêîòîðîãî íåêëàññè÷åñêîãî

âåñà. Â ÷àñòíîñòè, ïðè λ = −1 ýòîò âåñ åñòü
(

ch
πx

2

)−1

, à ìíîãî÷ëåíû ÿâëÿþòñÿ

ìíîãî÷ëåíàìè Ìåéêñíåðà�Ïîëëà÷åêà.

1Ðàáîòà ïîääåðæàíà Ãîñçàäàíèåì Ìèíîáðíàóêè 1.3445.2011, ÔÖÏ "Íàó÷íûå è íàó÷íî-

ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè" 14.740.11.0349
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� 1. Ïðîñòðàíñòâî Hλ

ÏóñòüD(R) � ïðîñòðàíñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôèíèòíûõ êîìïëåêñíîçíà÷íûõ
ôóíêöèé íà ïðÿìîé R. Ââåäåì â ýòîì ïðîñòðàíñòâå ñêàëÿðíîå ïðîèçâåäåíèå:

(f1, f2)λ =

∫
R2

f1(x) f2(y) (ch (x− y))λ dx dy, (1.1)

ãäå λ < 0.
Ïðîñòðàíñòâî D(R) íå ÿâëÿåòñÿ ïîëíûì îòíîñèòåëüíî äàííîãî ñêàëÿðíîãî

ïðîèçâåäåíèÿ. Ïîïîëíèì åãî. Ïîëó÷èì ãèëüáåðòîâî ïðîñòðàíñòâîHλ ñî ñêàëÿðíûì
ïðîèçâåäåíèåì (1.1). Ñêàëÿðíîå ïðîèçâåäåíèå (1.1) ÿâëÿåòñÿ íåëîêàëüíûì ñêàëÿðíûì
ïðîèçâåäåíèåì, òàê êàê èíòåãðèðîâàíèå âåäåòñÿ ïî ïëîñêîñòè R2.

Ðàññìîòðèì ìíîæåñòâî R êàê ãðóïïó ïî ñëîæåíèþ. Ìû ïîëó÷àåì ïðåäñòàâëåíèå
U ãðóïïû R â ïðîñòðàíñòâå D(R) ñäâèãàìè:

U(a)f(x) = f(x− a), a ∈ R. (1.2)

Ýòî äåéñòâèå ñîõðàíÿåò ïðîèçâåäåíèå (f1, f2)λ, ïîýòîìó îíî ìîæåò áûòü ðàñïðîñòðàíåíî
íà âñå ïðîñòðàíñòâîHλ. Ìû ïîëó÷àåì óíèòàðíîå ïðåäñòàâëåíèå Uλ â ïðîñòðàíñòâå
Hλ. Ïî àíàëîãèè ñ [2] íàçîâåì åãî êàíîíè÷åñêèì ïðåäñòàâëåíèåì ãðóïïû R íà
ïðÿìîé. Ñêàëÿðíîå ïðîèçâåäåíèå (1.1) ÿâëÿåòñÿ àíàëîãîì ôîðìû Áåðåçèíà.

� 2. Ôîðìóëà Ïëàíøåðåëÿ

Íàïîìíèì [2], ÷òî ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f(x) íà R åñòü ôóíêöèÿ

f̃(t) =
1

2π

∫ +∞

−∞
f(x) e−itx dx. (2.1)

Ôóíêöèÿ f(x) âîññòàíàâëèâàåòñÿ ïî f̃(t) ñ ïîìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå:

f(x) =

∫ +∞

−∞
f̃(t) eitx dt. (2.2)

Ôîðìóëû (2.1), (2.2) ñïðàâåäëèâû âî âñÿêîì ñëó÷àå äëÿ ôóíêöèé f èç D(R).
Äëÿ ôóíêöèè f èçD(R) åå ïðåîáðàçîâàíèå Ôóðüå áûñòðî óáûâàåò íà áåñêîíå÷íîñòè.

Òåîðåìà 2.1 Ïðè λ < 0 ñêàëÿðíîå ïðîèçâåäåíèå (f1, f2)λ â Hλ âûðàæàåòñÿ

÷åðåç ïðåîáðàçîâàíèÿ Ôóðüå f̃1 è f̃2 ôóíêöèé f1 è f2 ñëåäóþùèì îáðàçîì:

(f1, f2)λ =

∫ +∞

−∞
w(λ, it) f̃1(t) f̃2(t) dt, (2.3)

ãäå

w(λ, σ) = 2−λ π

Γ

(
−λ+ σ

2

)
Γ

(
−λ− σ

2

)
Γ(−λ)

. (2.4)
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Äîêàçàòåëüñòâî òåîðåìû ñâîäèòñÿ ê âû÷èñëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îò ôóíêöèè
chλx, ýòî âû÷èñëåíèå äåëàåòñÿ ñ ïîìîùüþ ôîðìóëû [ÁÝ] 1.5(26).

Îòìåòèì àñèìïòîòèêó ôóíêöèè w(λ, t) íà áåñêîíå÷íîñòè. Ìû èñïîëüçóåì
ôîðìóëó [ÁÝ] 1.18 (6) è ïîëó÷àåì:

w(λ, t) ∼ 4π2

Γ(−λ)
| t|−λ−1 e−| t|π/2 , | t| → ∞,

ìû âèäèì, ÷òî w(λ, t) áûñòðî óáûâàåò ïðè | t| → ∞.

Òåîðåìà 2.1 äàåò ðàçëîæåíèå óíèòàðíîãî ïðåäñòàâëåíèÿ Uλ íà íåïðèâîäèìûå
ïðåäñòàâëåíèÿ. Â ñàìîì äåëå, íåïðèâîäèìûå óíèòàðíûå ïðåäñòàâëåíèÿ Tt, ãäå
t ∈ R, ãðóïïû R çàäàþòñÿ ôîðìóëîé

Tt(a) = eita.

Ïðè ñäâèãå (1.2) çíà÷åíèå f̃(−t) ïðåîáðàçîâàíèå Ôóðüå â òî÷êå −t óìíîæàåòñÿ
íà eita, òî åñòü íà ÷èñëî f̃(−t) äåéñòâóåò îïåðàòîð Tt(a) ïðåäñòàâëåíèÿ Tt. Èìååò
ìåñòî ôîðìóëà îáðàùåíèÿ (2.2) è ôîðìóëà Ïëàíøåðåëÿ (2.3).

� 3. Àíàëèòè÷åñêîå ïðîäîëæåíèå ôîðìóëû Ïëàíøåðåëÿ

Ôîðìóëó (2.1) ìîæíî àíàëèòè÷åñêè ïðîäîëæèòü ïî λ ñ îòðèöàòåëüíîé âåùåñòâåííîé
ïîëóîñè λ < 0 íà êîìïëåêñíûå λ èç ëåâîé ïîëóïëîñêîñòè Reλ < 0 � òîé æå
ñàìîé ôîðìóëîé (2.3), ãäå w(λ, σ) äàåòñÿ ôîðìóëîé (2.4).

Òåïåðü ìû õîòèì ïðîäîëæèòü ýòî ðàçëîæåíèå ïî λ â ïðàâóþ ïîëóïëîñêîñòü.
Äëÿ ýòîãî óäîáíî ïåðåïèñàòü (2.3) â âèäå èíòåãðàëà ïî ìíèìîé îñè.

Ïóñòü f1 è f2 ëåæàò â D(R).

Äëÿ ôóíêöèè f1 ∈ D(R) åå ïðåîáðàçîâàíèå Ôóðüå f̃1(t) ìîæåò áûòü ïðîäîëæåíî
â êîìïëåêñíóþ ïëîñêîñòü äî öåëîé ôóíêöèè. Ïóñòü F1(σ) � òàêàÿ öåëàÿ ôóíêöèÿ

îò σ, ÷òî F1(it) = f̃1(t). Àíàëîãè÷íî, äëÿ ôóíêöèè f2 ∈ D(R) êîìïëåêñíî

ñîïðÿæåííàÿ ôóíêöèÿ f̃2(t) òîæå ìîæåò áûòü ïðîäîëæåíà äî öåëîé ôóíêöèè.

Ïóñòü F2(σ) � òàêàÿ öåëàÿ ôóíêöèÿ îò σ, ÷òî F2(it) = f̃2(t).
Òàêèì îáðàçîì, äëÿ Reλ < 0 ðàçëîæåíèå (2.3) ìîæåò áûòü çàïèñàíî ñëåäóþùèì

îáðàçîì:

(f1, f2)λ = −i
∫
L

w(λ, σ)F1(σ)F2(σ) dσ, (3.1)

ãäå L � ìíèìàÿ îñü íà ïëîñêîñòè σ, ïðîáåãàåìàÿ ñíèçó ââåðõ. Çàìåòèì, ÷òî
ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé îò σ.
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Ïðîäîëæèì ðàçëîæåíèå (3.1) èç îáëàñòè Reλ < 0 íàïðàâî. Îãðàíè÷èìñÿ
ñëó÷àåì, êîãäà λ íå ïðèíàäëåæèò âåðòèêàëüíûì ëèíèÿì Reλ = 0, 2, 4, . . ..
Ïðîäîëæèì (3.1) â ïîëîñó

2k < Reλ < 2k + 2, k = 0, 1, . . . (3.2)

Ïîëþñû ôóíêöèè w(λ, σ) ïî σ ðàñïîëîæåíû â òî÷êàõ σ = λ−2m è σ = −λ+2m,
ãäå m = 0, 1, 2, . . ., � èç-çà ãàììà-ôóíêöèé â (3.1). Ïðè ïðîäîëæåíèè ïî λ èç
ïîëóïëîñêîñòè Reλ < 0 â ïîëîñó (3.2) óêàçàííûå ïîëþñû ñ m = 0, 1, 2, . . . , k
ïåðåñåêóò ëèíèþ èíòåãðèðîâàíèÿ L � ìíèìóþ îñü � è äàäóò äîïîëíèòåëüíûå
ñëàãàåìûå (ïî òåîðåìå î âû÷åòàõ).

Âû÷åòû ôóíêöèè w(λ, σ) â ïîëþñàõ σ = ±(λ − 2m) âûðàæàþòñÿ ÷åðåç
áèíîìèàëüíûå êîýôôèöèåíòû:

Resσ=±(λ−2m)w(λ, σ) = ± 2−λ π

(
λ

m

)
.

Ïîýòîìó ìû ïîëó÷àåì ñëåäóþùåå ðàçëîæåíèå äëÿ λ èç ïîëîñû (3.2):

(f1, f2)λ =

∫ +∞

−∞
w(λ, it) f̃1(t) f̃2(t) dt

+
k∑

m=0

∑
±

22−λ π2

(
λ

m

)
F1(±(λ− 2m))F2(±(λ− 2m))

� 4. Äåëüòà-ôóíêöèè

Ïðîñòðàíñòâî Hλ ñîäåðæèò äåëüòà-ôóíêöèè δ(x − a) è âñå èõ ïðîèçâîäíûå
δ(k)(x − a), k = 0, 1, 2, . . .. Äîñòàòî÷íî â ýòîì óáåäèòüñÿ äëÿ a = 0. Âû÷èñëèì
ñêàëÿðíûé êâàäðàò ôóíêöèè δ(k)(x) â ñìûñëå ïðîñòðàíñòâà Hλ. Èìååì(

δ(k), δ(k)
)
λ

=

∫
R2

δ(k)(x) δ(k)(y) chλ(x− y) dx dy

= (−1)k
d2k

dx2k

(
chλ x

) ∣∣∣
x=0

.

Ñëåäîâàòåëüíî, δ(k)(x) âõîäèò â Hλ.
Íàéäåì òåïåðü ñêàëÿðíîå ïðîèçâåäåíèå ôóíêöèé δ(k)(x) è δ(m)(x):(

δ(k), δ(m)
)
λ

=

∫
R2

δ(k)(x) δ(m)(y) chλ(x− y) dx dy

= (−1)k
dk+m

dxk+m
(
chλ x

) ∣∣∣
x=0

.

Îòñþäà âèäíî, ÷òî åñëè k è m èìåþò ðàçëè÷íóþ ÷åòíîñòü, òî δ(k)(x) è δ(m)(x)
îðòîãîíàëüíû.
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Ìû âèäèì, ÷òî âû÷èñëåíèå ñêàëÿðíûõ ïðîèçâåäåíèé ôóíêöèé δ(k)(x) è δ(m)(x)
ñâîäèòñÿ ê ðàçëîæåíèþ â ðÿä Òåéëîðà ôóíêöèè chλ x â òî÷êå x = 0. Îáîçíà÷èì

ϕn(λ) =
dn

dxn
(
chλ x

) ∣∣
x=0

.

ßñíî, ÷òî ϕ2k−1(λ) = 0. Ìû èìååì

chλx = ϕ0(λ) +
1

2!
ϕ2(λ)x2 +

1

4!
ϕ4(λ)x4 + . . . .

Ñëåäîâàòåëüíî,

(
δ(k), δ(m)

)
λ

=

{
0, åñëè k +m íå÷åòíîå,
(−1)k ϕk+m(λ), åñëè k +m ÷åòíîå.

(4.1)

Òåîðåìà 4.1 Ôóíêöèè ϕn(λ) óäîâëåòâîðÿþò ñëåäóþùåìó ðåêóððåíòíîìó ñîîòíîøåíèþ

ϕn+2(λ) = λ2 ϕn(λ)− λ(λ− 1)ϕn(λ− 2). (4.2)

Äîêàçàòåëüñòâî. Âû÷èñëÿåì âòîðóþ ïðîèçâîäíóþ:(
chλx

)′′
=

(
λ chλ−1 x · shx

)′
= λ(λ− 1) chλ−2 x · sh2 x+ λ chλ x

= λ2 chλx− λ(λ− 1) chλ−2 x.

Òåïåðü âîçüìåì îò ýòîãî ðàâåíñòâà ïðîèçâîäíóþ ïîðÿäêà n è ïîëîæèì x = 0,
ìû ïîëó÷èì (4.2). �

Ïðèâåäåì íåñêîëüêî ïåðâûõ êîýôôèöèåíòîâ ϕn(λ):

ϕ0(λ) = 1,

ϕ2(λ) = λ,

ϕ4(λ) = 3λ2 − 2λ,

ϕ6(λ) = 15λ3 − 30λ2 + 16λ,

ϕ8(λ) = 105λ4 − 420λ3 + 588λ2 − 272λ.

Çàìåòèì, ÷òî çíà÷åíèÿ ϕn(λ) ïðè λ = −1 � ýòî ÷èñëà Ýéëåðà En:

ϕn(−1) = En.

Ïî ïîâîäó ÷èñåë Ýéëåðà ñì. [ÁÝ] 1.14.

Òåîðåìà 4.2 Ôóíêöèè ϕ2m(λ), m ∈ N = {0, 1, 2, . . .}, ÿâëÿþòñÿ ìíîãî÷ëåíàìè
ñòåïåíè m:

ϕ2m(λ) = amλ
m + bmλ

m−1 + . . . ;
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èõ ïåðâûå äâà êîýôôèöèåíòà am è bm äàþòñÿ ôîðìóëàìè

am = (2m− 1)!!, (4.3)

bm = −1

3
m(m− 1) · (2m− 1)!!; (4.4)

ñâîáîäíûé êîýôôèöèåíò ðàâåí 0 äëÿ m > 0, òàê ÷òî ϕ2m(λ) äåëèòñÿ íà λ ïðè
m > 0.

Äîêàçàòåëüñòâî. Óòâåðæäåíèÿ òåîðåìû, êðîìå ÿâíûõ ôîðìóë (4.3), (4.4),
ñðàçó âûòåêàþò èç (4.2). Äëÿ êîýôôèöèåíòîâ am è bm ïîëó÷àåì ñíà÷àëà ðåêóððåíòíûå
ñîîòíîøåíèÿ

am+1 = (2m+ 1) am,

bm+1 = −2m2 am + (2m− 1) bm.

Ðåøàÿ ýòè óðàâíåíèÿ, ïîëó÷àåì (4.3), (4.4). �

� 5. Îðòîãîíàëèçàöèÿ ñèñòåìû äåëüòà-ôóíêöèé

Ðàññìîòðèì â Hλ ñèñòåìó äåëüòà-ôóíêöèé, ñîñðåäîòî÷åííûõ â òî÷êå x = 0:

δ(x), δ′(x), δ′′(x), . . . .

Îðòîãîíàëèçóåì ýòó ñèñòåìó. Îáîçíà÷èì ÷åðåç Fn(x), n = 0, 1, 2, . . ., îáîáùåííûå
ôóíêöèè, ïîëó÷åííûå â ðåçóëüòàòå îðòîãîíàëèçàöèè, íîðìèðîâàííûå òàê, ÷òî
δ(n)(x) âõîäèò â Fn(x) ñ êîýôôèöèåíòîì 1 (ñòàðøèé êîýôôèöèåíò ðàâåí 1):

Fn(x) = δ(n)(x) + pn,n−2 · δ(n−2)(x) + pn,n−4 · δ(n−4)(x) + . . . . (5.1)

Ïðèâåäåì íåñêîëüêî ïåðâûõ îáîáùåííûõ ôóíêöèé Fn(x):

F0 = δ,

F1 = δ′,

F2 = δ′′ − λ δ,
F3 = δ′′′ − (3λ− 2) δ′,

F4 = δ(4) − 2(3λ− 4) δ′′ + 3λ(λ− 2) δ,

F5 = δ(5) − 10(λ− 2) δ′′′ + (15λ2 − 50λ+ 24) δ′.

Òåîðåìà 5.1 Äëÿ îáîáùåííûõ ôóíêöèé Fn(x) ñïðàâåäëèâî ñëåäóþùåå ðåêóððåíòíîå
ñîîòíîøåíèå:

Fn(x) = F ′n−1(x) + ξn · Fn−2(x), (5.2)

ãäå øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî x,

ξn = −(n− 1)(λ− n+ 2). (5.3)
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Äîêàçàòåëüñòâî. Ðàçíîñòü Fn(x) − F ′n−1(x) ñîäåðæèò δ(n−2)(x), δ(n−4)(x), . . . è
ïîýòîìó ðàñêëàäûâàåòñÿ ïî Fn−2(x), Fn−4(x), . . .. Íî âñå ïîñëåäíèå ôóíêöèè,
êðîìå Fn−2(x), îðòîãîíàëüíû ýòîé ðàçíîñòè. Ïîýòîìó èìååò ìåñòî ôîðìóëà
(5.2). Âû÷èñëåíèå êîýôôèöèåíòà ξn áóäåò ñäåëàíî ïîçæå, ñì. êîíåö ïàðàãðàôà.
�

Òåîðåìà 5.2 Îáîáùåííûå ôóíêöèè Fn(x) âûðàæàþòñÿ â âèäå îïðåäåëèòåëÿ
ñëåäóþùèì îáðàçîì (ìû íå ïèøåì àðãóìåíòû λ è x):

F2m =
1

∆2m

δ(2m) δ(2m−2) . . . δ′′ δ
ϕ2m ϕ2m−2 . . . ϕ2 ϕ0

ϕ2m+2 ϕ2m . . . ϕ4 ϕ2

. . . . . . . . . . . . . . .
ϕ4m−2 ϕ4m−4 . . . ϕ2m ϕ2m−2

(5.4)

� îïðåäåëèòåëü ïîðÿäêà m+ 1,

F2m−1 =
1

∆̂2m−2

δ(2m−1) δ(2m−3) . . . δ′

ϕ2m ϕ2m−2 . . . ϕ2

ϕ2m+2 ϕ2m . . . ϕ4

. . . . . . . . . . . .
ϕ4m−4 ϕ4m−6 . . . ϕ2m−2

(5.5)

� îïðåäåëèòåëü ïîðÿäêà m. Ìû èñïîëüçóåì îáîçíà÷åíèÿ

∆2m =

ϕ2m−2 . . . ϕ2 ϕ0

ϕ2m . . . ϕ4 ϕ2

. . . . . . . . . . . .
ϕ4m−4 . . . ϕ2m ϕ2m−2

, (5.6)

∆̂2m =

ϕ2m ϕ2m−2 . . . ϕ2

ϕ2m+2 ϕ2m . . . ϕ4

. . . . . . . . . . . .
ϕ4m−2 ϕ4m−4 . . . ϕ2m

, (5.7)

ýòî � äâà îïðåäåëèòåëÿ ïîðÿäêà m.

Äîêàçàòåëüñòâî.Èç (4.1) ñëåäóåò, ÷òî îáîáùåííûå ôóíêöèè Fn(x), îïðåäåëåííûå
(5.4) è (5.5), îðòîãîíàëüíû äåëüòà-ôóíêöèÿì δ(k)(x), äëÿ êîòîðûõ k < n è èìååò
òó æå ÷åòíîñòü, ÷òî è n (ñêàëÿðíûå ïðîèçâåäåíèÿ âûðàæàþòñÿ îïðåäåëèòåëÿìè
ñ îäèíàêîâûìè ñòðîêàìè). �

Âû÷èñëèì äëÿ ÷åòíîãî n âòîðîé è ïîñëåäíèé êîýôôèöèåíòû îáîáùåííîé
ôóíêöèè Fn(x), òî åñòü âû÷èñëèì êîýôôèöèåíòû p2m,0 è p2m,2m−2. Ïî (5.4) ìû
èìååì

p2m,0 = (−1)m
∆̂2m

∆2m

, (5.8)

p2m,2m−2 = − ∆∗2m
∆2m

, (5.9)
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ãäå

∆∗2m =

ϕ2m ϕ2m−4 . . . ϕ2 ϕ0

ϕ2m+2 ϕ2m−2 . . . ϕ4 ϕ2

. . . . . . . . . . . . . . .
ϕ4m−2 ϕ4m−6 . . . ϕ2m ϕ2m−2

, (5.10)

Ýòî � äîïîëíèòåëüíûé ìèíîð äëÿ δ(2m−2) â (5.4), îí îòëè÷àåòñÿ îò ∆2m ïåðâûì
ñòîëáöîì.

Òàêèì îáðàçîì, íàì íàäî âû÷èñëèòü îïðåäåëèòåëè ∆2m, ∆̂2m è ∆∗2m.
Âû÷èñëèì ñíà÷àëà ∆2m. Ýòî � ìíîãî÷ëåí îò λ ñòåïåíè m(m− 1). Ïðèìåíèì

ê ñòîëáöàì îïðåäåëèòåëÿ (5.6) ïîñëåäîâàòåëüíî íåñêîëüêî ðàç ðåêóððåíòíóþ
ôîðìóëó (4.2). Ìû ïîëó÷èì, ÷òî ∆2m ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ
ðàâåí ìíîãî÷ëåíó

Φ2m(λ) = [−λ(λ− 1)]m−1 · [−(λ− 2)(λ− 3)]m−2 · [−(λ− 4)(λ− 5)]m−3 . . . , (5.11)

òàê ÷òî

∆2m = A2m · [λ(λ− 1)]m−1 · [(λ− 2)(λ− 3)]m−2 · [(λ− 4)(λ− 5)]m−3 . . . . (5.12)

Ñòàðøèé êîýôôèöèåíòA2m ìû ïîëó÷àåì, çàìåíÿÿ â îïðåäåëèòåëå (5.6) ôóíêöèè
ϕ2k èõ ñòàðøèìè êîýôôèöèåíòàìè (2k − 1)!!, ñì. (4.3):

A2m =

(2m− 3)!! . . . 1 1
(2m− 1)!! . . . 3!! 1
. . . . . . . . . . . .
(4m− 5)!! . . . (2m− 1)!! (2m− 3)!!

. (5.13)

Îáîçíà÷èì ÷åðåç D(a1, a2, . . . , ak) îïðåäåëèòåëü Âàíäåðìîíäà:

D(a1, . . . , ak) =

1 1 . . . 1
a1 a2 . . . ak
a2

1 a2
2 . . . a2

k

. . . . . . . . . . . .

,

îí ðàâåí
∏

i>j(ai − aj).
Âûíîñÿ â (5.13) çà ñêîáêè ýëåìåíòû ïåðâîé ñòðîêè, ïîëó÷èì

A2m = (2m− 3)!! (2m− 5)!! . . . D(2m− 1, 2m− 3, . . . , 3, 1).

Àíàëîãè÷íî âû÷èñëÿåì ∆̂2m. Îí åñòü ìíîãî÷ëåí îò λ ñòåïåíè m
2. Ìû èìååì

∆̂2m = Â2m · [λ(λ− 1)]m−1 · [(λ− 2)(λ− 3)]m−2 · [(λ− 4)(λ− 5)]m−3 . . .×
× λ(λ− 2)(λ− 4) . . . (λ− 2m+ 2),

ãäå
Â2m = (2m− 1)!! (2m− 3)!! . . . D(2m+ 1, 2m− 1, . . . , 3).
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Òàêèì îáðàçîì, èç (5.8) ïîëó÷àåì

p2m,0 = (−1)m (2m− 1)!!λ(λ− 2) . . . (λ− 2m+ 2). (5.14)

Íàêîíåö, âû÷èñëèì ∆∗2m. Ýòî � ìíîãî÷ëåí îò λ ñòåïåíè m2 − m + 1 (åãî
ñòåïåíü íà 1 áîëüøå, ÷åì ñòåïåíü ∆∗2m).

Äëÿ ôóíêöèé ϕ(λ) îáîçíà÷èì ÷åðåç S ñäâèã íà 2 è ÷åðåç L � "êîíå÷íóþ
ðàçíîñòü" S − 1, òî åñòü

Sϕ(λ) = ϕ(λ− 2),

Lϕ(λ) = ϕ(λ− 2)− ϕ(λ).

Ìû èìååì

Lk−1λk = (−2)k−1 k!(λ− k + 1), (5.15)

Lk−1λk−1 = (−2)k−1 (k − 1)!, (5.16)

Lk−1λs = 0, s < k − 1, (5.17)

Ïðèìåíèì ê ñòðîêàì îïðåäåëèòåëÿ (5.10) ïîñëåäîâàòåëüíî íåñêîëüêî ðàç
ðåêóððåíòíóþ ôîðìóëó (4.2). Ìû ïîëó÷èì åãî â âèäå

∆∗2m = Φ2m(λ)

ϕ2m ϕ2m−4 . . . ϕ2 1
Sϕ2m Sϕ2m−4 . . . Sϕ2 1
S2ϕ2m S2ϕ2m−4 . . . S2ϕ2 1
. . . . . . . . . . . . . . .
Sm−1ϕ2m Sm−1ϕ2m−4 . . . Sm−1ϕ2 1

,

ãäå Φ2m(λ) äàåòñÿ ôîðìóëîé (5.11). Òåïåðü ê êàæäîé ñòðîêå ñ íîìåðîì k =
2, 3, . . . ,m ïðèìåíèì îïåðàòîð Lk−1. Â ñèëó (5.15), (5.16), (5.17) ïîëó÷èì òðåóãîëüíûé
îïðåäåëèòåëü, ó êîòîðîãî âñÿ äèàãîíàëü � ÷èñëîâàÿ, çà èñêëþ÷åíèåì ïîñëåäíåãî
ìåñòà, íà êîòîðîì ñòîèò ëèíåéíàÿ ïî λ ôóíêöèÿ Lm−1ϕ2m. Èñïîëüçóÿ (4.3), (4.4)
è (5.15), (5.16), (5.17), ìû ïîëó÷àåì, ÷òî

Lm−1ϕ2m = const ·
(
λ− 4m− 4

3

)
.

Ñëåäîâàòåëüíî,

∆∗2m = A∗2m ·
(
λ− 4m− 4

3

)
×

× [λ(λ− 1)]m−1 · [(λ− 2)(λ− 3)]m−2 · [(λ− 4)(λ− 5)]m−3 . . . . (5.18)

Ñòàðøèé êîýôôèöèåíòA∗2m ìû ïîëó÷àåì, çàìåíÿÿ â îïðåäåëèòåëå (5.10) ôóíêöèè
ϕ2k èõ ñòàðøèìè êîýôôèöèåíòàìè (2k − 1)!!, ñì. (4.3):

A∗2m =

(2m− 1)!! (2m− 5)!! . . . 1 1
(2m+ 1)!! (2m− 3)!! . . . 3!! 1
. . . . . . . . . . . . . . .
(4m− 3)!! (4m− 7)!! . . . (2m− 1)!! (2m− 3)!!

.
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Âû÷èñëÿåì:

A∗2m = (2m− 1)!! (2m− 5)!! . . . D(2m+ 1, 2m− 3, . . . , 3, 1), (5.19)

òàê ÷òî ïî (5.9), (5.12), (5.18), (5.19) ïîëó÷àåì

p2m,2m−2 = −m(2m− 1) ·
(
λ− 4m− 4

3

)
,

èëè, çàìåíÿÿ 2m íà n, ïîëó÷àåì

pn,n−2 = −n(n− 1)

2
λ+

n(n− 1)(n− 2)

3
, (5.20)

� ïîêà äëÿ ÷åòíîãî n.

Òåïåðü ìû ìîæåì âû÷èñëèòü ξn. Äëÿ ÷åòíîãî n èìååì

ξn =
pn,0
pn−2,0

.

Ïîäñòàâëÿÿ ñþäà (5.14), ïîëó÷àåì êàê ðàç ôîðìóëó (5.3) � ïîêà äëÿ ÷åòíîãî n.
Ñ äðóãîé ñòîðîíû, äëÿ âòîðûõ êîýôôèöèåíòîâ pn,n−2 ðàâåíñòâî (5.2) äàåò

pn,n−2 = pn−1,n−3 + ξn. (5.21)

Çäåñü íàì èçâåñòíû pn,n−2 è ξn äëÿ ÷åòíîãî n. Îòñþäà íàõîäèì pn−1,n−3 äëÿ
÷åòíîãî n, òåì ñàìûì pn,n−2 äëÿ íå÷åòíîãî n. Ýòî � â òî÷íîñòè ôîðìóëà (5.20).
Òàêèì îáðàçîì, ôîðìóëà (5.20) ñïðàâåäëèâà äëÿ âñåõ n � êàê ÷åòíûõ, òàê è
íå÷åòíûõ. Òåïåðü èç (5.21) íàõîäèì ξn äëÿ íå÷åòíîãî n. Îêàçûâàåòñÿ, ξn äëÿ
íå÷åòíîãî n äàåòñÿ â òî÷íîñòè ôîðìóëîé (5.3).

� 6. Îðòîãîíàëüíûå ìíîãî÷ëåíû

Ïðèìåíèì ê îáîáùåííûì ôóíêöèÿì èç � 5 ïðåîáðàçîâàíèå Ôóðüå. Äëÿ äåëüòà-
ôóíêöèè δ(n)(x) åå ïðåîáðàçîâàíèå Ôóðüå åñòü

δ̃(n)(t) =
in

2π
tn,

à äëÿ îáîáùåííîé ôóíêöèè Fn(x) � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè n. Ïóñòü fn(t)
� òàêîé ìíîãî÷ëåí, ÷òî

F̃n(t) =
in

2π
fn(t).

Èç (5.1) ïîëó÷àåì

fn(t) = tn − pn,n−2 · tn−2 + pn,n−4 · tn−4 − . . . .
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Ïðèâåäåì íåñêîëüêî ïåðâûõ ìíîãî÷ëåíîâ:

f0(t) = 1,

f1(t) = t,

f2(t) = t2 + λ,

f3(t) = t3 + (3λ− 2) t,

f4(t) = t4 + 2(3λ− 4) t2 + 3λ(λ− 2),

f5(t) = t5 + 10(λ− 2) t3 + (15λ2 − 50λ+ 24) t.

Ñîîòíîøåíèå (5.2) äàåò ðåêóððåíòíîå ñîîòíîøåíèå äëÿ fn(t):

fn(t) = tfn−1(t)− ξn · fn−2(t), (6.1)

ãäå ξn äàåòñÿ ôîðìóëîé (5.3).

Ìíîãî÷ëåíû fn(t) îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó íà ïðÿìîé ñ âåñîì w(λ, it),
ñì. (2.4). Ýòî � ìíîãî÷ëåíûÌåéêñíåðà�Ïîëëà÷åêà, ñì. [2] 10.21. ßâíûå ôîðìóëû
â âèäå îïðåäåëèòåëåé ïîëó÷àþòñÿ, åñëè â (5.4) è (5.5) çàìåíèòü äåëüòà-ôóíêöèè
δ(n−2k)(x) ñòåïåíÿìè (−1)k tn−2k.

Â ÷àñòíîñòè, ïðè λ = −1 âåñ åñòü

w(−1, it) = 2π2 · 1

ch (πx/2)
.

Â ýòîì ñëó÷àå â ôîðìóëàõ (5.4) � (5.7) íàäî ñäåëàòü óêàçàííóþ çàìåíó äåëüòà-
ôóíêöèé íà (−1)k tn−2k è çàìåíèòü ϕ2k íà ÷èñëà Ýéëåðà E2k. Ðåêóððåíòíîå
ñîîòíîøåíèå (6.1) äëÿ fn(t) ïðèîáðåòàåò âèä:

fn(t) = tfn−1(t)− (n− 1)2 · fn−2(t).
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Canonical representations on the real line act on a Hilbert space equipped with a nonlocal

inner product. This space contains delta functions and all their derivatives. We orthogo-

nalize the system of distributions cocncentrated at zero. The Fourier transform transfers

this orthogonal system to a system of orthogonal polynomials
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